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We derive a general formula for the inertialess dynamics of active particles in linear viscoelastic
fluids by means of a modified reciprocal theorem. We then demonstrate that force-free active
particles in Maxwell-like linear viscoelastic fluids with no retardation have exactly the same dynamics
as in Newtonian fluids. In contrast, active particles in Jeffreys-like fluids with retardation can display
markedly different dynamics, including net motion under reciprocal actuation thereby breaking the
scallop theorem.
I. INTRODUCTION
The locomotion of microorganisms in viscous fluids occurs widely in biology [1–4]. Partly inspired by this, the last
few years have seen intense work on the development of synthetic active microswimmers (active particles). Synthetic
microswimmers may use methods of locomotion that mimic biological organisms [5] or which catalyse chemical reac-
tions to generate propulsion via phoretic slip [6, 7]. Large collections of synthetic active particles can also serve as an
easily controllable testbed for the study of out-of-equilibrium active matter [8–10].
The hydrodynamics of self-propulsion at small scales is now well understood for Newtonian fluids. Starting with
the early pioneering work of Taylor [11] on the undulatory locomotion of flagellated microswimmers, and proceeding
through to comprehensive modern review articles on the hydrodynamics of biological microorganisms [12] and active
particles [13], immense strides have been made in our understanding of the dynamics of microswimmers in Newtonian
fluids. Theory for the dynamics of many interacting bodies in active matter is also by now well developed, at least
for dilute suspensions [14, 15]. In Newtonian fluids, due to linearity of the underlying equations, self-propulsion can
be separated into the propulsive force generated by a swimming gait and the instantaneous viscous drag due to the
rigid-body motion of the microswimmer. A particular consequence of a lack of inertia (both of the fluid and the
swimmer) is the scallop theorem [16]: a swimmer deforming its body through a sequence of shapes that is identical
under time-reversal symmetry (“reciprocal” motion) cannot achieve net motion in a Newtonian fluid.
Less well understood, but certainly an active research area, is the hydrodynamics of self-propulsion in non-Newtonian
fluids [3, 17–19], a particularly relevant situation given that complex fluids are common in biology [20, 21]. Viscoelas-
tic fluids have been shown to lead to faster, or slower, self-propulsion, depending on the particular details of the
swimming gait of a microswimmer [22–27]. Viscoelastic stresses have also been shown to impact the gait of flexible
microswimmers [28, 29]. It has been explicitly shown that the scallop theorem does not hold in nonlinear viscoelastic
media [30], and that reciprocal body deformations can achieve net motion in nonlinear viscoelastic fluids. Surpris-
ingly, a question that has not been fully resolved, is whether the scallop theorem holds for linear viscoelastic fluids. A
number of studies have found no change in the dynamics of microswimmers in linear viscoelastic fluids in comparison
to Newtonian fluids [31], particularly for small-amplitude deformations [28, 32, 33]. But it is not yet known whether
the scallop theorem holds more generally.
Here we adapt a reciprocal theorem derived in the development of a boundary integral formulation for linear
viscoelastic fluids [34] in order to derive a general formula for the dynamics of active particles in linear viscoelastic
fluids. We use this formula to show that unless they are subject to a time-varying external force, active particles in
Maxwell-like linear viscoelastic fluids with no retardation always have exactly the same dynamics as in Newtonian
fluids, whether there is a single particle or multiple interacting particles. In contrast, active particles in Jeffreys-like
fluids with retardation can display markedly different dynamics, including net motion with reciprocal actuation. The
scallop theorem is therefore not valid in these types of linear viscoelastic fluids.
∗ Electronic mail: gelfring@mech.ubc.ca
† Electronic mail: e.lauga@damtp.cam.ac.uk
ar
X
iv
:2
00
9.
08
51
4v
1 
 [p
hy
sic
s.f
lu-
dy
n]
  1
7 S
ep
 20
20
2U +⌦ ⇥ r
FIG. 1. Schematic representation of an active particle B of surface ∂B. The velocity of the boundary is composed of rigid-body
translational and rotational velocities, U and Ω, as well as a deformation velocity, us, due to the gait of the particle.
II. LINEAR VISCOELASTIC FLUIDS
We consider active particles immersed in a linear viscoelastic fluid described by a linear differential relationship
between the deviatoric stress τ and rate-of-strain γ˙ tensors
L1τ = ηL2γ˙, (1)
where η is the zero-shear-rate viscosity. Here L1 and L2 are linear time differential operators quantifying stress
relaxation and strain retardation, respectively. For a Maxwell fluid L1 = 1 + λ1∂/∂t and L2 = 1, while for a Jeffreys
fluid L1 = 1 + λ1∂/∂t and L2 = 1 + λ2∂/∂t, where λ1 and λ2 are the relaxation and retardation times of the fluid,
respectively [35, 36]. Alternatively, one could describe a linear viscoelastic fluid in terms of a memory kernel
τ (x, t) =
∫ t
−∞
G(t− t′)γ˙(x, t′) dt′, (2)
where G is the relaxation modulus. This form is however problematic for arbitrarily-deforming bodies where there is
no frame in which the boundaries are stationary in time (scenarios where the correspondence principle of viscoelastic
fluids is not known to hold [37]). We thus choose instead to use the formulation from (1).
In some sense, addressing locomotion in a purely linear viscoelastic fluid is an academic exercise, as we explore
deforming bodies yet ignore any constitutive nonlinearities. However, it is of fundamental importance to know exactly
how viscoelastic stresses might affect the dynamics of active bodies, and in particular whether stress relaxation or
retardation alone can lead to differences in dynamics.
III. DYNAMICS OF ACTIVE PARTICLES
A. Kinematics of an active particle
Consider an active particle identified with the region B with surface ∂B (see figure 1). The particle is immersed in
a background flow u∞ of a linearly viscoelastic fluid governed by (1); note that the field u∞ describes the background
flow without the presence of the particle. The body may be subject to an external force Fext or torque Lext. Changes
in the spatial configuration of the active particle can be classically described by a map, χ, from a convenient reference
configuration B0. The motion of the body can be decomposed into shape change, χs, and rigid-body motion, χr such
that χ(X, t) = χr(χs(X, t), t) for x ∈ B and X ∈ B0, so that
χ(X, t) = xc(t) + Θ(t) · (χs(X, t)− χs(X0, t)). (3)
Here xc is the translation and Θ the rotation about x0 = χ(X0, t). Upon differentiation, we obtain the velocity of
the body
u(x ∈ B) = U + Ω× r + us, (4)
where the translational velocity is U = dxc/dt, while the rotational velocity Ω is defined by dΘ/dt = Ω ×Θ and
r = Θ(t) · (χs(X, t)− χs(X0, t)). The activity (i.e. the non-rigid body motion) of the microswimmer is given by
us = Θ · d(χs(X, t)− χs(X0, t))
dt
= Θ · u˜s. (5)
The gait of the microswimmer is prescribed in an unoriented configuration, which we label u˜s, while the orientation
of the particle is given by integration of the angular velocity Ω.
3B. A linear viscoelastic reciprocal theorem
To determine the dynamics of this active particle we follow closely, and adapt, the reciprocal theorem for linear
viscoelastic fluids derived by Ishimoto and Gaffney [34] in their development of a boundary integral formulation for
linearly viscoelastic fluids. The main difference from their derivation is that we use here as an auxiliary problem
(denoted by hat quantities) an inactive particle with the same instantaneous shape undergoing rigid-body motion, i.e.
uˆ(x ∈ ∂B) = Uˆ + Ωˆ× r, (6)
in an otherwise quiescent Newtonian fluid of dynamic viscosity ηˆ,
τˆ = ηˆ ˆ˙γ. (7)
Without loss of generality, we take in what follows the viscosity of the auxiliary problem to match the zero-shear-rate
viscosity of the linear viscoelastic fluid, ηˆ = η. The results are ultimately independent of that choice of the auxiliary
viscosity, but it leads to cleaner intermediate formulas.
Both primary and auxiliary flows are considered incompressible,
∇ · u = 0, (8a)
∇ · uˆ = 0. (8b)
We also neglect inertia (low Reynolds number limit) so that the Cauchy momentum equation for the primary and
auxiliary flows are respectively
∇ · σ = 0, (9a)
∇ · σˆ = 0, (9b)
where the stress tensors are σ = −pI + τ and σˆ = −pˆI + τˆ . To facilitate matters we define a disturbance flow
u′ = u− u∞ and disturbance stress σ′ = σ − σ∞. We consider a background flow that is in mechanical equilibrium
∇ · σ∞ = 0 and assume that disturbance quantities decay suitably in the far field.
Because space and time derivatives commute we may write
L1(∇ · σ′) =∇ · (L1σ′) = 0. (10)
Now, by taking mixed inner products with the divergence of the stress we have trivially
(∇ · L1σ′) · uˆ = 0, (11a)
(∇ · σˆ) · L2u′ = 0. (11b)
Upon rearranging (using the symmetry of the stress tensor and the incompressibility of the flow fields) and commuting
time and space derivatives, (11a) and (11b) can be written equivalently as
∇ · (L1σ′ · uˆ) = L1τ ′ : ˆ˙γ/2, (12a)
∇ · (σˆ · L2u′) = τˆ : L2γ˙′/2. (12b)
Substitution of the constitutive relations (1) and (7), respectively, into the right-hand side of (12a) and (12b) we
obtain
∇ · (L1σ′ · uˆ) = η
2
ˆ˙γ : L2γ˙′, (13a)
∇ · (σˆ · L2u′) = η
2
ˆ˙γ : L2γ˙′. (13b)
Finally, substitution of (13b) into (13a) we obtain
∇ · (L1σ′ · uˆ) =∇ · (σˆ · L2u′). (14)
Next, integrating (14) over a volume of fluid V exterior to B and applying the divergence theorem leads to the
identity ∫
∂V
n · L1σ′ · uˆ dS =
∫
∂V
n · σˆ · L2u′ dS. (15)
4The surface ∂V that bounds the fluid volume V is composed of the surface of the body, ∂B, on the interior and of an
outer fluid surface So, which we take to be a sphere of radius |x− x0| → ∞. Here, n is the normal to the surface, ∂V,
pointing into V. Provided that the fields, u′ and σ′, decay appropriately in the far-field, we may neglect the outer
surface of ∂V to obtain ∫
∂B
n · L1σ′ · uˆ dS =
∫
∂B
n · σˆ · L2u′ dS. (16)
This reciprocal theorem between a linear viscoelastic fluid flow, u, and a Newtonian fluid flow, uˆ, is an extension of
the classical reciprocal theorem for Stokes flows, which is a statement of the instantaneous equality of virtual power
of the motion of boundary ∂B [38]. Ishimoto and Gaffney [34] originally derived a reciprocal theorem between two
linearly viscoelastic fluids (see Appendix A of their paper) and our result follows from theres upon setting the linear
differential operators for the auxiliary fluid equal to one. As we now show, rigid-body motion in a Newtonian fluid is
an ideal auxiliary problem to reveal the dynamics of active particles in linear viscoelastic fluids.
C. Dynamics of swimming
In order to obtain an equation for the dynamics of a swimming body, we apply the boundary conditions on ∂B for
both the primary swimming problem, (4), and the auxiliary rigid-body motion, (6), so that (16) leads to∫
∂B
n · L1σ′ ·
(
Uˆ + Ωˆ× r
)
dS =
∫
∂B
n · σˆ · L2 (U + Ω× r + us − u∞) dS. (17)
To simplify the above formula, we note that integrating (10) over V bounded by ∂B and So and applying the
divergence theorem we obtain ∫
∂B
n · L1σ′ dS =
∫
So
n · L1σ′ dS. (18)
Next, assuming that the arbitrary outer surface So is fixed (so that L1 commutes with integration over So) we may
write ∫
∂B
n · L1σ′ dS = L1
∫
So
n · σ′ dS = L1F, (19)
where F is the hydrodynamic force on ∂B (integrating (9) over V shows that the force on ∂B must balance the force
on So). A similar expression follows for hydrodynamic torque, L, on ∂B,∫
∂B
r× (n · L1σ′) dS = L1L, (20)
after invoking the symmetry of the stress tensor, see Ishimoto and Gaffney [34].
Using equations (19) and (20) and noting that any closed volume of the background flow must be force and torque
free (because ∇ · σ∞ = 0) we obtain
L1F · Uˆ + L1L · Ωˆ = Fˆ · L2U + Lˆ · L2Ω +
∫
∂B
n · σˆ · L2(us − u∞) dS (21)
where Fˆ and Lˆ are the hydrodynamic force and torque on ∂B in the auxiliary problem.
These equations may be written more compactly using 6 dimensional vectors U = [U Ω]
>
and F = [F L]> and
similarly for Uˆ and Fˆ . Furthermore, by the linearity of the Stokes equations, Fˆ = −Rˆ · Uˆ, where Rˆ is the 6 × 6
rigid-body resistance tensor for the instantaneous shape of B; similarly, we have σˆ = Tˆ · Uˆ where Tˆ is the linear
operator that yields the stress field due to rigid-body translation and rotation of B. Substitution of these relations
into (21) yields, upon dropping the arbitrary Uˆ factor
L2U = Rˆ−1 ·
[
−L1F +
∫
∂B
L2(us − u∞) · (n · Tˆ ) dS
]
. (22)
5For small particles where inertia is negligible in comparison to viscous forces (small Stokes number), the net force and
torque are zero, i.e.
F + Fext = 0. (23)
Substitution of (23) into (22) we obtain our main result,
L2U = Rˆ−1 ·
[
L1Fext +
∫
∂B
L2(us − u∞) · (n · Tˆ ) dS
]
. (24)
This identity is an exact differential equation for the translational and rotational velocity of an arbitrary active particle,
U, immersed in the background flow of a linear viscoelastic fluid of the form in (1). When the fluid is Newtonian,
L1 = 1 and L2 = 1, we naturally recover from (24) the dynamics of an active particle in a Newtonian fluid [17],
UN = Rˆ
−1 ·
[
Fext +
∫
∂B
(us − u∞) · (n · Tˆ ) dS
]
. (25)
If particle is force free (i.e. it is subject to zero external force or torque) we have Fext = 0. Alternatively, if the
swimmer is held fixed by an external force and torque, such that U = 0, we obtain an expression for the propulsive
force and torque Fs generated by the swimmer as
L1Fs =
∫
∂B
L2(us − u∞) · (n · Tˆ ) dS. (26)
The derivation shown above can be easily extended to a suspension of N active particles simply by taking the
surface integral in (16) over the surface of all particles ∂B → ∑Ni ∂Bi. In this way, the dynamics of all N active
particles is given by
L2U = Rˆ−1 ·
[
L1Fext +
N∑
i
∫
∂Bi
L2(usi − u∞) · (n · Tˆ ) dS
]
. (27)
Here U and Fext are now 6N -dimensional vectors representing respectively translational and rotational velocities, and
forces and torques, of all N particles, while R and T are similarly extended linear operators.
IV. SWIMMING KINEMATICS AND THE RECIPROCAL THEOREM
We now address the impact of (24) on the reciprocal theorem for linear viscoelastic fluids. We assume in what
follows that the deformation (gait) or slip velocity of the particle, (5), is prescribed [16, 25, 39, 40]. In practice, the
activity of the particle may depend on stresses on the body in which case determining us would require resolution of
the entire fluid-body interaction. Instead we therefore follow Purcell’s original geometrical approach [16].
A. Maxwell-like fluids with no retardation: Same dynamics as Newtonian
We see clearly from (24) that the relaxation of the stress, determined by the linear operator L1, enters only through
its action on any external force or torque. If the swimmer is force free (or even if the force and torque are constant,
such as the effective weight on a non-neutrally buoyant particle) then stress relaxation in L1 plays no role. This
means that in linear Maxwell-like fluids with no strain retardation, where L2 = 1, the free-swimming dynamics of
active particles is exactly identical to in Newtonian fluids, U = UN . This was observed by Ishimoto and Gaffney [34]
using a boundary integral formulation for a linear Maxwell fluid and, in order to observe changes in the dynamics of
a flagellated swimmer with a prescribed shape deformation in a linear Maxwell fluid, Ishimoto and Gaffney [34] used
a position dependent repulsive force from a wall thereby introducing a nontrivial L1Fext effect.
B. Swimmers with fixed shapes: Same post-transient dynamics
If the swimmer has a fixed shape (e.g. the swimming gait is locally tangent to the shape everywhere), we can take
L2 out of the integral in (24), and if the external force acting on the particle is constant in time (possibly zero) we
6us = L˙e
FIG. 2. Schematic of a reciprocal two-sphere swimmer.
may write
L2U = L2
{
Rˆ−1 ·
[
Fext +
∫
∂B
(us − u∞) · (n · Tˆ ) dS
]}
, (28)
or more simply
L2 [U − UN ] = 0. (29)
This differential equation admits an initial condition on the swimming speed that is different from the Newtonian
swimming speed but indicates that this difference will decay to zero over the retardation time scale of the fluid and
the post-transient translational and rotational velocities will be instantaneously equal to that in a Newtonian fluid
(up to a difference in orientation). Note that the position, orientation, and thus trajectories will likely differ due to
this transient regime. As an example, in a Jeffreys model fluid with L2 = 1 + λ2∂/∂t, an axisymmetric particle with
Ω = 0 (so that we can avoid the subtleties of integrating orientations), has a translational velocity
U = UN + (U0 −UN ) exp(−t/λ2), (30)
where U(t = 0) = U0.
Note that the same result applies, at leading order, to the small-amplitude deformations of a swimmer in a more
general viscoelastic fluid such as Oldroyd-B which includes both L1 and L2 as well as nonlinear terms from upper-
convected derivatives; indeed, to leading order in the small deformations the shape is stationary and the fluid is
linearly viscoelastic, as has been observed in a number of papers [17, 41, 42].
C. Shape deformation in fluids with retardation: No scallop theorem
When the swimmer undergoes shape changes and the fluid has strain retardation (i.e. L2 6= 1), the post-transient
dynamics need not be instantaneously equal to a Newtonian fluid and there is no scallop theorem. This can be
demonstrated using a simple counter-example of a reciprocal two-sphere (or dumbbell) swimmer, which by the scallop
theorem does not achieve net motion in a Newtonian but moves with a linear viscoelastic fluid with retardation.
In this model swimmer, two spheres labeled BA and BB (B = BA ∪ BB), of radius a and αa respectively, have
a prescribed distance between their centers, L(t), that periodically changes in time (see figure 2). To calculate
the dynamics of this swimmer we consider our reference x0 to be the center of BB so that u(x ∈ BB) = U, and
u(x ∈ BA) = U + L˙e. In this way us is nonzero only on BA and (24) is written
L2U = Rˆ−1FU ·
[∫
∂BA
L2 dL
dt
e · (n · TˆU ) dS
]
. (31)
By symmetry we expect no rotation or torque, so only the force-velocity resistance, RˆFU , and the linear operator
that gives stress due to translation, TˆU , are required. We may further simplify by noting that the propulsive force
and velocity will be collinear with the axis of symmetry, hence taking an inner product with e and averaging over a
period in time we obtain
U = −Rˆ−1FU‖RˆAFU‖L2
dL
dt
. (32)
7Here, RˆFU‖ = e · RˆFU · e = RˆAFU‖ + RˆBFU‖ is the instantaneous translational resistance of the two-sphere assembly
along the axis connecting their centers in a Newtonian fluid, while
RˆAFU‖ = −
∫
∂BA
e · (n · TˆU ) · e dS (33)
is the resistance of sphere A only (accounting for the presence of sphere B). These resistance coefficients can be
classically computed by the method of reflections [38] in the form of asymptotic series in a/L 1, where
RˆFU‖ = 6piηa
[
1 + α− 3α a
L
+O
( a
L
)2]
, (34a)
RˆAFU‖ = 6piηa
[
1− 3α
2
a
L
+O
( a
L
)2]
, (34b)
Rˆ−1FU‖Rˆ
A
FU‖ =
1
1 + RˆBFU‖/Rˆ
A
FU‖
=
1
α+ 1
− 3α(α− 1)
2(α+ 1)2
a
L
+O
( a
L
)2
. (34c)
In a Maxwell-like fluid with no retardation, L2 = 1, a symmetric swimmer with α = 1 has U = − 12dL/dt, so the
dumbbell moves oppositely of the deformation with half the speed, U = − 12us, as expected. This reciprocal motion
clearly leads to zero net displacement over a period when L(t) is periodic. Less obvious, but also true, is that this
holds any α with terms of the form L˙/Ln that are perfect time derivatives.
Alternatively, for an asymmetric swimmer (α 6= 1), a nontrivial retardation operator L2 can lead non-zero mean
swimming thereby ‘breaking’ the scallop theorem. As an example, we consider a Jeffreys fluid with L2 = 1 + λ2∂/∂t.
Substitution of (34c) into (32), keeping only up to the first-order term in (34c), we obtain for periodic L(t), mean
swimming with speed
U =
3α(α− 1)
2(α+ 1)2
aλ2
1
L
d2L
dt2
=
3α(α− 1)
2(α+ 1)2
aλ2
(
1
L
dL
dt
)2
. (35)
Net swimming occurs, for any periodic L, provided that the spheres are different sizes, α 6= 1, in the direction of
the smaller sphere, as is observed in the nonlinearly viscoelastic Oldroyd-B fluid [42]. The motion is linear in the
retardation time of the fluid, λ2, and unambiguously shows that the scallop theorem does not hold for reciprocal
swimmers in linearly viscoelastic Jeffreys-like fluids with retardation.
Taking a specific function for the length, for example L(t) = L0[1 + δ sin(ωt)], we may evaluate the average in (35)
to obtain
U =
3α(α− 1)
2(α+ 1)2
aω2λ2
[
1√
1− δ2 − 1
]
∼ 3α(α− 1)
4(α+ 1)2
aω2λ2δ
2, (36)
where the last term is the leading order result for small δ  1. Note that we may alternatively compute the mean
propulsive force generated by the two-sphere swimmer, (26), whose magnitude is given by Fs = −RˆAFU‖L2 dLdt , and is
also non-zero.
V. CONCLUSIONS
In this work we used the reciprocal theorem to derive a general expression for the dynamics of active particles in
linear viscoelastic fluids. We then showed that, unless subject to time-dependent external forcing, the dynamics in
Maxwell-like fluids with no retardation are identical to Newtonian fluids. In other words, fluid relaxation in linear
viscoelastic fluids plays no role in the dynamics of force-free microswimmers. Conversely, the dynamics of active
particles in linear viscoelastic Jeffreys-like fluids with retardation can be markedly different. The example of an
asymmetric two-sphere swimmer achieving net locomotion despite having reciprocal body deformation demonstrates
a breakdown of the scallop theorem in linear viscoelastic fluids with retardation.
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